GLOBAL WELL-POSEDNESS AND EXPONENTIAL STABILITY 
FOR KUZNETSOV'S EQUATION IN L p -SPACES 



STEFAN MEYER AND MATHIAS WILKE 

Abstract. We investigate a quasilinear initial-boundary value problem for 
Kuznctsov's equation with non-homogeneous Dirichlet boundary conditions, 
jj^ This is a model in nonlinear acoustics which describes the propagation of 

sound in fluidic media with applications in medical ultrasound. We prove that 
there exists a unique global solution which depends continuously on the suffi- 
ciently small data and that the solution and its temporal derivatives converge 
at an exponential rate as time tends to infinity. Compared to the analysis 
of Kaltenbacher & Lasiccka, we require optimal regularity conditions on the 
data and give simplified proofs which are based on maximal L p -regularity for 
parabolic equations and the implicit function theorem. 



1. Introduction 

We are concerned with Kuznetsov's quasilinear equation 

u tt - c 2 A x u - bA x u t = k(u 2 ) tt + p {v ■ v) tt , 

which is a well-accepted equation in nonlinear acoustics and describes the propa- 
gation of sound in fluidic media. The function u(t, x) denotes the acoustic pressure 
fluctuation from an ambient value at time t and position x. Furthermore, c > de- 
notes the velocity of sound, b > the diffusivity of sound and k > the parameter 
of nonlinearity. The velocity fluctuation v(t,x) is related to the pressure fluctua- 
tion by means of an acoustic potential ?p(t, x), such that u = poipt, v = — V^>, with 
ambient mass density po- 

Kuznetsov's equation can be derived from the balances of mass and momen- 
tum (the compressible Navicr-Stokcs equations for a Newtonian fluid) and a state 
equation for the pressure-dependent density of the fluid, where terms of third or 
higher order in the fluctuations arc neglected. We refer to the monograph of M. 
Kaltenbacher [IT] and Kuznetsov's article [12] for the derivation. Observe that 
Kuznetsov's equation degenerates if 1 — 2ku = 0, since {u 2 )u = 2uu u + 2(u t ) 2 , but 
for \u\ < (2fc) _1 the equation is parabolic. 

Global well-posedness for the corresponding Dirichlet boundary value problem 
in an Z^-setting for the spatial dimension n € {1,2,3} was established by B. 
Kaltenbacher & I. Lasiecka jlOj by means of appropriate energy estimates and 
Banach's fixed point theorem. The purpose of the present paper is to extend these 
results to an L p -setting for arbitrary dimensions and to provide shorter and more 
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elegant proofs in an optimal functional analytic setting, in the sense that the regu- 
larity conditions on the initial and boundary data are both necessary and sufficient 
for the regularity of the solution. We also impose appropriate smallncss condi- 
tions to avoid the above mentioned degeneracy and to make use of the theory for 
quasilinear parabolic equations. 

Let f2 C R™ be a bounded domain with smooth boundary T — dil, let J = (0, T) 
or J = R + = (0,oo), and let uq,ui,vq and g be given functions on f2 and JxT, 
respectively. We consider the following initial-boundary value problem. 



1.1 



Utt 



c A x u - bA x u t = k(u )tt + po(v ■ v) u 



Vi 

u\t 

(u(0),ut(0)) 
v(0) 



-Po 1 \7u 
9 

(u ,ui) 



in J x il, 
in J x fl, 
in J x T, 
in f2, 
in tt. 



Here u : Jxfl — > R is the unknown pressure fluctuation, (uo, Ui,vq) : fl — > R + ™ arc 
the given initial data and <7:JxT— >Risa given inhomogeneity on the boundary. 

In this paper wc prove existence and uniqueness of strong solutions in suitable 
subspaces of the Lebesgue space L p { J x J7) with exponent p > max{l, n/2}. In the 
case J = R+ we are interested in solutions with exponential decay and therefore 
consider the functions t 1— > e wt u(i), t n> e ut v t (t) with u> > 0, which we abbreviate 
as e ut u, e"*v t , respectively. We say that (u, v) is a strong solution to (jl.ljl on J, if 
there is uj > such that 

e ut u G E„(J) := W 2 (J;L P {9)) n W${J; W 2 {tl)), 

(1.2) v G E„(J) := {v G BUC^J; W^(il) n ), 

e»\ G H^ 2 (J; L p (tt) n ) fl W^(J; W£ («)»))}. 

and all equations in (|1.1[) are satisfied pointwise almost everywhere. Here the 
symbols and HZ denote the Sobolev-Slobodeckij and Bessel potential spaces 
of order s and exponent p, respectively, and BUC k denotes the space of functions 
having bounded and uniformly continuous derivatives up to order k. The condition 
e ut u G E U (J) will be written cquivalently as u G e _w E„(J). In the case of a 
finite interval J = (0, T), the exponential factor e w * can be dropped and we have 
e _w E„(J) = E U (J), for instance. Our main result is the following. 

Theorem 1. Let n G N, p > max{l,n/2}, p ^ 3/2, J = (0, T) or J = R+ and 
define luq := min{6Ao/2, c 2 /b} > 0, where Xq > denotes the smallest eigenvalue 
of the negative Dirichlet-Laplacian in L p (0). Then for every lo G (0,u)q), there is 
p > suc/i i/ia£ problem (jl.lj) admits a unique solution 



(1.3) 



(u,v) G e^E„(J) x E. U (J), 



if the data (g,Uo,Ui,vo) satisfy the regularity and compatibility conditions 

u Q ew 2 (n), Ul ew 2 - 2 /p(n), uoeWpW. 

(1.4) e <" 5 g F 9 (J) := W^-^j. ip(r)) n ^(j. w^-Vp^)), 

fl (0)=uo|r, fieff(0)=ui|r(tfp>3/2), 
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and the smallness condition 

IM| e —F s + + ||mi|| W 2-2/ p + \\v \\ w i < P . 

The conditions (jl.4[) are necessary for (jl.3[) and £/ie solution depends continuously 
(even analytically) on the data with respect to the corresponding norms. In the 
case J = R+, the solution (u(t),v(t)) converges exponentially to (0,i>oo) as t — > oo, 
Voo '■= vq — Po /g°° Vu(s)ds, in the sense that 

\\u(t)\\ W 2 + \\u t (t)\\ w 2- 2/p + \\v(t) - Voo \\ w i + \\v t (t)\\ w i < Ce- Ut , t > 0, 

for some C > depending on g,UQ,Ui,v . 

This theorem extends the results of Kaltcnbachcr & Lasiecka |T0l Theorem 1.1 
and Theorem 1.2] in several ways. First, they only consider the case p = 2 and 
n G {1, 2, 3}. Second, the solution space in the case J = (0, T) is given by 

(1.5) u 6 C 2 ([0, T]- La(n)) n Wi(0, T; W^fi)) n C([0, T]; iy 2 2 (ft)) 

and the initial data (uq,ui) must satisfy the condition ||uo||^2 + ||ui||vk 2 < P f° r 
some (small) p > 0, as a consequence of the assumptions on (ug,ui,g). Most 
notably, the condition ui G VF- 2 ^) is not necessary for (|1.5|) . In the case p = 2 
we only require that ||moIIw, 2 + ll^illw, 1 < Pi where the condition U\ G W^i^l) 
is necessary, since, by the properties of the temporal trace (see Section 2.2), our 
solution u must satisfy 

u 6 ^([O.rijWjCfi)) nC([0,T];Wi(fl)). 
Thirdly, Kaltcnbacher & Lasiecka require the condition 

g e W|(J; VF" 3/2 (r)) n W|(J; ^ 2 1/2 (r)) n w\{j- iF 2 3/2 (r)), 9tt (o) e ^ 2 " 1/2 (r), 

which is also not necessary in view of u|r = <?■ We can simplify and extend it to 
g G Wl'\ J; La(T)) fl W^J; ^ 3/2 (r)), 

which is necessary for u G E U (J) by the properties of the spatial trace (see Section 
2.2). Finally, Kaltcnbachcr & Lasiecka use that the velocity is given by 

v(t,x) = — -V ( f u(s,x)ds + U (x)] , i > 0, 
Po \Jo J 

and require that Uq G W|(f2) H (fi) solves the elliptic problem 

-c 2 AU a - crVu ■ VU = -(1 - 2fcu )wi + &Au in f2, J7 |r = on L. 

This implies that vq = —Pq 1 X7Uq depends on uq,ui and is small in W^ity- We are 
able to remove the dependence of vo on the initial values uq and u\. 

Besides these extensions we point out that in the case J = R + we always impose 
some exponential decay on g whereas Kaltcnbacher & Lasiecka impose smallness 
conditions on the primitive of g instead. 

Compared to [101 Theorem 1.3], Theorem Q] does not imply that ||utt(t)||i — > 
exponentially as t — > oo, since E„(M+) is not contained in BUC 2 (R+; L p (tt)). To 
obtain such higher order differentiability, we impose additional regularity conditions 
on g in the following result. 
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Theorem 2. Suppose that the conditions of Theorem^ are satisfied for J = R+ 
and assume in addition that there exists uj g > u> such that 

g, [t i y td t g{t)}, ... ,[t^ t k dtg(t)} € e~ Us ¥ g (R + ) for some fc > 1. 

Then the solution (u, v) of on R + satisfies 

{d}u,div) £ e~ u -E u ([6, oo)) x E v ([6, oo)), 

/or eac/i <5 > and j £ {0, . . . , fc}. Moreover, 

\\u(t)\\ w i + \\d t u(t)\\ W 2 + ■■■ + \\d<?u{t)\\w* + \\d* + \{t)\\ w *- Vv < Ce~"\ t > 5, 

IK*) - Woollwj + II^WHwj + • • ■ + ||9 t fc+1 «(t)||w pl < Ce"" 4 , i > £, 
with some C > depending on g,Uo,Ui,Vo and S. 

Finally, we are interested in the case where the inhomogencity g vanishes except 
for a finite time interval (0,T). Then the solution becomes smooth with respect 
to time on every interval (T + S, oo), 8 > 0, and all temporal derivatives decay 
exponentially: 

Corollary 3. Suppose that the conditions of Theorem]]] are satisfied for J = M + 
and assume in addition that g(t) = for all t > T with some T > 0. Then for 
every u> 6 (0, ujq) there exists p < p such that for 

\\g\\e—¥ g + \\U \\W2 + ||ui|| ly 2-2/ P + \\V \\ W 1 < p, 

the solution (u, v) of (|1 . ip on R + satisfies 

(dfu, d ] t v) e e" w E„([T + 5, oo)) x E V ([T + S, oo)) 
for all j £ No and every S > and there exist Cj > such that 

\\d(u(t)\\ w , + \\dlv(t)\\ wi < C,e-"\ t>T + S,jeN. 

This paper is organized as follows. In Section 2 we introduce the notation and we 
provide some results concerning maximal L p -regularity, trace-theory and analytic 
mappings in Banach spaces. In Section 3 we study a linearized version of 
and prove an optimal regularity result for this linear problem in Lemma [4] The 
proof of Thcorcm[T]is given in Section 4. We employ the implicit function theorem 
combined with the results in Section 3. Finally, in Section 5 we prove Theorem [2] 
by applying a parameter trick which goes back to Angenent [1] together with the 
implicit function theorem. 

2. Notation and preliminaries 

In this paper, the symbol Q always denotes a bounded domain in R" with smooth 
boundary T = dfl and J denotes the interval (0,T) or R + = (0, oo). BUC k {tt) is 
the space of fc-times Frechct-differcntiablc functions whose derivatives are bounded 
and uniformly continuous in fl and C^°(R n ) denotes the space of smooth functions <f> 
with compact support supp0 C R™. Moreover, L p (Vl) denotes the Lebesgue space 
of exponent p £ [l,oo], W£(£l) denotes the Sobolev-Slobodeckij space of order 
s £ [0,oo), Hp(£l) denotes the Bessel potential space, where we have VFp(O) = 
Fp(fi) if k £ N = NU {0}, and W°{Vl) coincides with the Besov space B° p (fl) if 
s £ R+ \ N. We refer to the monographs [H [16] for a detailed treatment of these 
spaces. We mention that, we will use the Sobolcv embeddings W p (J) ^ BUC(J), 
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W*{n) ^ BUC k (fl) for s-n/p > k, W*(fi) ^ W*(fl) for s-n/p > t-n/q, where 
the relation <^-> denotes continuous embedding. Furthermore, we will use that there 
exists a bounded linear extension operator from W p (Cl) to W p (M. n ). 

2.1. Maximal regularity. By the work of Amann [21 E], Denk, Hieber & Priiss 
PJIEI and many others, it is nowadays well-known that the nonhomogeneous initial- 
boundary value problem for the heat equation, 

u t — Au = f in J X CI, u\y = g on J x T, u\ t= o = uq in f2, 

has maximal L p -regularity in the sense that there exists a unique solution 

(2.1) wGEi(J) :=W^(J;L p {fl))nL p {J-W^(Cl)), 

if and only if the given data /, g, uq satisfy the regularity conditions 

/ g L P (J X (I), g € W^ 2p (J; L P (T)) n L P (J; % 2 " 1/p (r)), « G IF p 2 - 2 / p (ft), 

and the compatibility condition uo|r = <?|t=o m t ne sense of traces. By Banach's 
closed graph theorem, this implies that a solution satisfies the a priori estimate 

IMIeUJ) < ||/||l p (JxO) + IMlFr(J) + \\ u o\\ w 2-2/P {n y 

Here the symbol < indicates that the left-hand side ||m||ei(j) can be estimated by a 
constant C > times the right-hand side, where C does not depend on u,f,g,uo. 

2.2. Trace theory. To verify the necessity of the conditions on the data, we use 
Lemma 3.5 and Lemma 3.7 in [8], which imply that the spatial and temporal traces 

(2.2) u^u\ r :MJ)^MJ) ■= W^^J; L P (T)) n L p (J; ^"^(T)), 
u^u\ t=0 :Ei(J) VF 2 " 2 ^) 

are bounded and surjective for every p £ (l,oo). The temporal trace theorem is 
also known in the following form |H Theorem III. 4. 10.2]: 

Ei (J) <^> BUC(J;W^ 2/p (n)). 

For the compatibility conditions we use that the temporal trace 

g^g\ t=a :¥ r (J)^B 2 p -^(T) 

is well-defined and bounded in the case p > 3/2 [§1 Lemma 11]. Moreover, the 
spatial trace W^fl) -> B pp 1/p (T) is bounded for s £ (1/p, oo) [M Theorem 3.3.3]. 

Therefore we obtain g(0) = uo\r in the sense of B pp 3/p (r) for p > 3/2. In the case 
p < 3/2 these traces do not exist (see e.g. [8]). The case p = 3/2 is excluded, since 
the trace space looks more complicated in this case [T71 Theorem 4.3.3]. 

2.3. Exponentially weighted spaces. Let Y, X(J) be Banach spaces such that 
X( J) ^4 Li,ioc("^; ^) and let w e 1. To describe exponential decay of solutions we 
employ the Banach space 

e-"X(J) := {u G L ljloc (J; F) : (t ^ e ut u{t)) £ X(J)}, 

equipped with the norm ||w|| e -"X(j) := ' M llx(j)> where we write e u 'u or e ut u 
instead of (t i-» e ut u(t)) for the sake of brevity. 
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2.4. Analytic mappings between Banach spaces. Let X, Y be Banach spaces 
over the same scalar field R or C and let U C X be open. We say that a mapping 
F : U C X — > Y is analytic at u G U, if there exists r > and bounded symmetric 
A:-linear operators F k : X k = Xx---xX^Y,k>0, such that every F(u + h) 
for h G X, \\h\\ < r, can be represented as 

oo oo 

(2.3) F(u + h) = Y J Fkh k , such that ^||F fe ||||/i|| fe < oo, 

k=0 k=0 

where ||-Ffc|| denotes the norm of the fc-linear operator Fk, i. e. the smallest number 
M > such that \\F k (x u ...,x k )\\ Y < M\\ Xl \\ x ■ ■ ■ \\x k \\x for all x u . . . , x k G X. 
We refer to the monographs [5l 118) for more information on analytic mappings. 



3. The linearized problem 

In this section we establish maximal regularity for the linearization of problem 
(jl.ip in the following sense. 

Lemma 4. Let 1 < p < oo, p ^ 3/2, n G N, let Ao > denote the smallest eigen- 
value of the negative Dirichlet-Laplacian in L p (Cl) and define loq := min{6Ao/2, c /£>}. 
For every uj G (0,u}q) the following assertion holds. There exists a unique solution 



u G e~ u E. u 
of the linear problem 



(3.1) 



E u := W£(R 

c 2 Au — bAu t 
u\r 
u(0) 
«t(0) 



f 

9 
u 

Ul 



in R + x Cl, 
on R+ x T, 
in Cl, 
in Cl, 



if and only if the data satisfy the following conditions: 
(i) / G e-"L p (R+ x Cl); 



(ii) g G e-^¥ g , F g := W, 



2 ~ 1/2p ( 

r 2-2/p. 



■L p (r))n^(i + ;W p 2 - 1/!, (r)) 



(hi) u Q G W^ 2 (ft), ui G Wp ,p {Cl); 
(iv) 5(0) = uo|r and in the case p G (3/2, 00) also gt(0) = Ui\r 
The solution satisfies the estimate 

^ WfWe— L p (® + xn) + ||s||e-» F 9 + |M|w| 



"'1 



2-2/p. 



In order to prove this result, we will use the subsequent lemma to remove the 
inhomogeneity g. The symbols Ei := Ei(R + ), F r := F r (R+) are defined in (j2~Tj) 
and (|2.2[) , respectively. 

Lemma 5. Let 1 < p < 00, p ^ 3/2, n G N and Zef Ao > denote the 
smallest eigenvalue of the negative Dirichlet-Laplacian in L p (Ct). Then for every 
lu G (0, 6Aq), there exists a unique solution w G e _u E u of 



( w tt 



(3.2) 



- bAw t = 

w\r = 9 
w\ t =o = 
d t w\t=o = 



in R + x Cl, 
on R+ x T, 
in Cl, 
in Cl, 
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if and only if g G e U F S , 17(0) = 0, and m i/ie case p > 3/2 aZso <?t(0) = 0. The 
solution w satisfies the estimate He"^^,, ^5 lle^ff l|F g • 

Proof. Wc first prove sufficiency. Using maximal regularity |13| Proposition 8 and 
formula (52)], wc obtain a unique solution v G e~"Ei of the parabolic problem 

Vt — bAv — in K + x f2, v\r = d t g on M + x T, u|t=o = in fl. 

Indeed, the operator dt : F g — > Fr is bounded and thus ||e wt 9tg||F r = \\dt{e ut g) — 
^e ut g\\w r < l|e wi 5||F 9 . Next we define 

/OO 
v(s 1 x)ds, t £ R_|_, xgO. 

Using > 0, we infer from wt = v, from the identity 

/oo 

and Young's inequality, that u> € e _u; E u . Moreover it holds that 

/oo poo 
v s (s) ds = -b / At?(s) ds = bAw(t), 

/oo 
,g s (s) ds = g(t) 

and io t (0) = v(0) = 0. It follows that 6Aw(0) = w t (0) = and w(0)\ r = g(0) = 0, 
hence w(Q) = in SI. Therefore w is a solution to (|3.2[) . 

The necessity follows from the spacial trace theorem applied to w,w t G e _w Ei. 
To obtain uniqueness, let w be a solution to (|3.2[) with 5 = 0. Since w t solves a heat 
problem with homogeneous data, we obtain wt = and therefore also w = by the 
initial condition w(0) = 0. The estimate follows from the closed graph theorem. □ 

Proof of Lemma [^J We obtain uniqueness from our previous maximal regularity 
result P3J Theorem 2.5] for (|3.ip for the case g = 0. To verify the necessity of 
the conditions on the data, suppose that u is a solution to (|3.ip . Then e ut u and 
(e"*u) t = we"*w + e"'u t belong to Ei and (i) is readily checked. Taking the spatial 
trace yields e ut g, (e ut g)t G Fr which implies (ii). The exponential weight e ut does 
not affect the initial regularity and therefore (iii) follows by taking the temporal 
trace and using the embedding W*(J; W 2 (fi)) ^ BUC(J; W%{&)). Using that 

to) G Bl7C(J;W^-VP(r) x s^ 3 /p(r)) 

and applying the spatial trace to it(0), Ut(0) and the temporal trace to (<?,<?t), we 
see that <?(0) = uo|r is valid in the sense of Wp~ X ^ '(T) for all p and cVg(0) = Ui|r 
is valid in the sense of Bpp 3 ^ p (T) if p > 3/2. 

It remains to prove sufficiency of the conditions. First we reduce the problem to 
the case Uq = 0, U\ = 0, / = 0. This cannot be done by just solving the problem 
with g = 0, due to the compatibility conditions. Therefore we extend Uq, U\ and / 
to some functions u a G IU p 2 (IR"), ui G Wp~ 2/p {W l ) and / G e~ u L p {R + x E"). By 
means of a cut-off function (j> G C£°(M n ) such that c/>(x) = 1 for x G O and <^(x) = 
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for x £ Br := {y € K" : \y\ < R} for some R > 0, we define new data uo := uo0, 
U\ := u\4> and / := f<f> and consider the problem 

u t t — A-fi - Au t = f, t > 0, x G Br, 

u\dB R =0, t > 0, x G dB Rl 
u(0) = Uo, ut(0) = ui, t = 0, x G -Br. 

Using maximal regularity |141 Theorem 2.5], we obtain a unique solution 



tt £ e 



Let u denote the restriction of u to £1 and let g : = g — u\r- Then the final solution 
u will be given by u = v + u, where v solves the problem 

' v tt - Av - Av t = 0, t > 0, a; G O, 
w|r = 3) ' > 0, i e r, 
^ u(0) = 0, v t (0) = 0, t = 0, x G 0. 

From Lemma [5] we obtain a unique solution w G e~"E„ of the problem 

( v tt - bAv t = in R + x ft, 
w|r = g on R + x T, 
v\ t =o = in fi, 
9 t w| t =o = in SI. 

Then the function w :— v — v solves the problem 

w t t — Aw — Aw t = Av in R + x f2, 
w\ r = on R + x T, 

w{0) = 0, w t (0) = in Q, 

which has a unique solution w £ e~"E„ by [14[ Theorem 2.5]. The function u := 
w + v + u is the desired solution of (|3.1[) and the estimate follows from the closed 
graph theorem. This concludes the proof of Lemma 0] □ 



4. The nonlinear problem 

In this section we construct a solution to the nonlinear problem of the form 
(it + u*, v). Here it* solves the linearized problem (|3.ip for the data (/ = 0, g, uq, m) 
and u satisfies homogeneous boundary and initial conditions. The (small) deviation 
(it, v) from (it*, 0) will be found by the implicit function theorem. 

For p > max{l,rt/2}, we employ the Banach function spaces 

E„ := W*(R + ;L p (n)) n W^R + ;W^n)), 
E u .r := {u G E u : «(0) = u t (0) = 0, u| r = 0}, 



(4.1) 



E„ := {v G SC/C 1 (M+; Wp( n ) n ) : (* e^Wt) G BC/C(R+; W^fi)")}, 



SC/C(M+;% 1 (fi) n ), 



Observe that now E„ is a somewhat larger space compared to (|1.2 



KUZNETSOV'S EQUATION IN L P -SPACES 9 

Lemma 6. Let ft C K™ be a bounded domain with boundary T = d£l G C 2 and let 
p > max{l, n/2}, p =/= 3/2. Moreover, let lu £ (0,wo) have the same meaning as in 
Lemma^ Then the mapping 

H : e- w E«,r x E v x x W*(Ct) n -»• e~ u 'L p (R + x fi) x e -"E„ t x W£(fi) n , 

defined by 

H(u,v,u*,v ) 

<u u ~ c 2 Au - bAu t - k((u + w*) 2 )tt - 2p^ 1 (V(u + u*)) 2 - 2v • V(« + u*)t N 

«t + P + u *) 
«(0) - v 

is analytic and its Frechet derivative w. r. t. (u, v) at (0, 0, 0, 0) is invertible. 

Proof. We define the space W*(J;X) := {u e W*(J;X) : u(0) = 0}. It is easy to 
check that the linear operators 

u i ^ u tt : e-" E u , r -> e -"L p (R + x 0), 

u h). -Am : e- w E«,r -> e-"Wp(K+; £ P (fi)), 

u i-> -Ait t : e -w oEu,r ->• e~"L p (IR + x fi), 

u i-> Ut : E t , ->• e _w E,, t , 

are bounded and analytic. Next, we check that 

(4.2) («, u.) h). ((« + u,) 2 ) tt : e- w E«,r x e^E u ->■ e^L p (M+ x O) 

is analytic. From the preliminaries, we obtain the continuity of the embeddings 
E u ^ BUC{R + ;W 2 (ft)) 

^ BUC(J x Q) (valid for p > n/2), 

(4.3) E„ «-> H 1 p +e -^ 2 {R+;H 2 - 2e+E (n)) (valid for - e/2 G [0, 1], e > 0) 

^ ^i+fl-s^. W^- 2 »(n)) (valid for e > 0) 

Wip(M+; W* _2e (fi)) (valid for > l/2p + e) 

<^ Wj p (R+; Lap(fi)) (valid for < 1 - n/4p). 

Here, (]4.3[) is a consequence of Sobolevskij 's mixed derivative theorem [H Propo- 
sition 3.2], [6j Lemma 4.1] and it is a special case of [H2 Proposition 3.2]. Such 
numbers 9, e exist ifp > n/4+1/2+e, which is true if p > max{l, n/2} and provided 
that e > is sufficiently small. Furthermore, with the norm ||-|| p of L P (M.+ x fi), 
the estimates 

Il/fl||p<ll/||2p||5|| 2 p<||/|k||p|k, 

\\(fg)t\\ P < \\fth P \\gh P + ||/||2 P ||3t]|2 P < 11/lkNk, 

\\(fg)u\\ P < ||/«|| P ||5lloc + 2||/,|| 2p |M| 2p + ||/||oo||fl«|| P < 11/lklMk 

imply that (f,g) i-> fg : E u x E n — > W 2 (M. + ; L p (fl)) is bilinear, symmetric and 
bounded. Using that u > and e wt < e 2 "*, we see that e~ 2u} L p {R + x fi) <-> 
e~"L p (R + x ft). Setting / = e u u, g = e"«*, w — u + u* and using 

e 2ut (w 2 ) u = {{e^w) 2 ) tt - Auj{{e^w) 2 ) t + ^ 2 {e^w) 2 , 
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we conclude that (|4.2j) is quadratic and continuous and thus analytic. 
In a similar way, we can check that 

i-> {Vu + Vw*) 2 : e- u E Ul r x e^E u -S- e^L p (R + x fi) 

is analytic, where we make use of the continuity of the embeddings 

E u W x v (R + ; W 2 V (0) ) V^ 1 (R+ ; W£ p (fi)) (valid for p > n/2) 

£ 2p (R+; ( valid for P > V2) 



and the inequality 

||V(/ 5 )||p < ||V/|| 2p ||. 9 || 2p + ||/|| 2p ||V 5 || 2p < \\fUJg\\M u . 

To obtain the analyticity of 

(it, v, u*)t-^v- (Vu + Vu*)t : e~ u ^u,r xE,x e" w E u ->• e~ UJ L p (R + x 0), 

we use e UJt Vwt = W(e ut w)t — we^'Vw and the estimate 

\\v ■ e ut Vw t \\ P < IM|L oo (K + ;L 2p (0))||e" t V Wt || ip(R+;i2p( n ) ) < IMkll^lk. 

which is valid for p > n/2 since Wp (f2) ^ L2 P (f2) is continuous in this case. 
The Frechet derivative of H w. r. t. (u,v) at (0,0,0,0) is given by 



E := e- u oE u>T x E v , F := e - u i p (R + x 0) x e~ u E Vt x W*(Sl) n . 
To this end let / = (/i, / 2 , /s) € F and consider the system 



By [TJ] Theorem 2.5] there exists a unique solution u <G e~ u E u r of the first equa- 
tion. Inserting this solution into the second equation yields v t (t) = — p^" 1 Vu(t) + 
/ 2 (t). Integrating w. r. t. t and invoking the initial condition v(0) — fs, we obtain 



Vu G e- u W*(R+;W*(n) n ) <-> e-"BUC(R+;W*(n) n ) = e~ u E Vt . □ 



Proof of Theorem [7J It suffices to consider the case J = R + , since the considered 
function spaces over J = (0, T) can be identified with subspaces of the correspond- 
ing spaces over R + by means of extension and restriction, see |TJ Theorem 5.19] for 
the scalar- valued case and [TS1 Lemma 2.5] for the vector- valued case. 

As a consequence of Lemma [5] and since #(0,0,0,0) = (0,0,0), the implicit 
function theorem yields a (possibly small) ball B p (0) C e~"E„ x Wp(Cl) n and an 
analytic mapping 



i> : B p (0) C e-"E u x W^(Q) n -> e~ u E Ui r x E v , {u*,V ) ^ (u,v) = yj{u„v ) 
with ^(0, 0) = (0, 0) such that 
£r(V»(tt„,«o) I (u„«o)) = (0,0,0) for all («„« ) £ B„(0) C e" w E„ x W£(n) n . 




D (Uit() #(0,0, 0,0) [«,«]=/. 




Jo Jo 
This function belongs to E„, as can be seen from 
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Using that vt = — Pq 1 V(u + w*), we may replace E„ by the smaller space 

{v G BC/C 1 (K + ;Ty p 1 (fiD : e^ t G ff p 3/2 (M+; L p (fi) n ) n W£(R + ; W£(fi) B ))}, 
(which is the same as in (|1.2p ). since the gradient 

V : HV 2 (R + ; W^(Q)) n W£(R + ; W*(Q)) H^ 2 (R + ; L p (Q)) n ^(R + ; W^(O)) 

is continuous and the embedding 

E u ^ # p 3/2 (M + ; W^(Q)) n % 2 (ft)) 

is valid by the mixed derivative theorem [15l Proposition 3.2]. This means that the 
pair (u + u*,v) := ip(u*, Vq) + 0) solves the main problem for Kuznetsov's 
equation, whenever v ) is small enough and u + satisfies the prescribed boundary 
condition u*|r = g and initial conditions u*|t = o = Uo, u*|t=o = U\. We therefore 
define G e _ "E u as the unique solution to (|3.1I) due to Lemma 0] with (/ = 
0, <?, Mo, u i)- We introduce the Banach function spaces 

¥ := e^Fg x W 2 (ft) x W^/J^n), 

f {(g,Uo,Ui) G Y : ,g| t=0 = u | r }, if P < 3/2, 

1 {(fl,Wo,«i) e Y : g\ t=0 = U \r, gt\t=o = "i|r}, if P > 3/2, 



(4.4) Y 



with norm ||-||y = IHly- Maximal regularity implies that it* depends linearly and 
continuously on (g,uo,ui) G Y and thus satisfies the estimate 



IKIle-" E„ < || (ff, Wo, Ui)||y = IMIe — F, + ||"o||w 2 + ||«l| 



Since -0 is analytic on B p (0) w. r. t. (u*,Vo), it follows that (u,v) G oE Mj r x E„ 
depends analytically on (<?, uo, Ui) G Y and vq G W3(Q) in a neighborhood of zero. 
By a basic embedding and by the temporal trace theorem, we obtain 

w:=u + u* G e- UJ BUC(R+; W 2 {£1)), ||«>(*)llw* < Ce""*, 

u>t = ut + («.)t 6 e-"Si7C(IR + ; iy p 2 - 2 / p (r>)), IMtJII^-v* < Ce"*", 
where C > max{||iy|| e -^ B [7 C ( 1R+ .vy2 ) , lkt|| e _„ s;7C(K+ . w -2-2/p ) }. The representation 

e^(v(t) - Voo ) = -po 1 / e ut Ww(s)ds = -p^ 1 {(e~^ XM+ (*)) * (e" s \7w( S ))) (t) 



shows that also v(t) — > v^, in W p (f2)" and u t (i) — ► in W p (f2)™ exponentially, 

as t — > oo. Furthermore, if p > 2, then also vtt = — p " 1 Vwt — > in Wp 1 2 ^ p (fl) n 
exponentially. This concludes the proof of Theorem Q] □ 



5. Higher regularity 

In this section we establish higher temporal regularity for the solution (u*,v*) to 
the initial-boundary value problem for Kuznetsov's equation for given bound- 
ary data g. We employ the parameter trick of Angenent [4], where an artificial 
parameter A G (1 — e, 1 + e) is introduced by 



u x (t, x) := u*(Xt, x), v\(t,x) := v*(Xt,x), g\(t, x) := g(Xt, x). 
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It is then rather easy to prove that the equations in Ijl.ljl depend C fc -difierentiably 
on A, provided that g satisfies an appropriate regularity condition (|5.2j) . If we can 



establish that this function is also C w. r. t. A, we obtain for instance 



d{u x {t,x) 



A=l 



t j d{u*(t,x), for all j < &, 



which implies that u* gains temporal regularity on every interval (<5, oo), 5 > 0. 

We note that the transformation T\ : /(•, •) h-> /(A-, •) is a bijection of X, where 
X denotes one of the spaces L p (R + x ft), Ei, Fr, E„, ¥ g on R + . This property fol- 
lows from identities like ||/(A-)|| Lp(R+) = \~ 1/p \\f\\L p (R + ) and \\dt(f(X-))\\ Lp (R + ) = 



A i-Vp| 



However, this is not the case when dealing with exponential 



weights. Here we obtain for instance || 



A^ 1 ■ 



/(A-)lk 
'his is 

in Theorem [21 which implies a faster decay of g. 



) = A-^lle-ZH; 



and 



therefore T\ : e W X — > e X is bijective. This is the reason why we require ui g > ui 



Proof of Theorem^ Let us start with the unique solution (u*,v*) G e~ w E u x E„ 
of (jl.ip . which is obtained from Theorem[TJ For A G (1 — e, 1 + e) for a sufficiently 
small e > wc define the scaled functions u^, «Aj <?a a s above. It follows that 

d{u x (t,x) = X j d{u*(Xt,x), d 2 (u\(t,x)) = A 2 ((i/) 2 ) tt (Ai,x), 

and analogous relations are valid for v\. This yields that (u\, v\) solves the problem 

d 2 u x - \ 2 c 2 Au x - XbAdtUx 

= kd 2 (u\) + 2\{v x ■ Vd t ux) + 2p^ 1 \ 2 {Vu x ) 2 in J x J], 
'u\ in J x f2, 

(5.1) I u x \ T =g x inJxT, 

in f2, 
in 

in Q. 

Lemma 7. Lei p G (1, oo), p > max{l, n/2}, p ^ 3/2 and Zet w G (0, wo) aave the 
same meaning as in Lemma^ Let (g,uo,Ui) G Y (defined in (|4.4|) ), vq G Wp((l) n 
and suppose that there exists ui g > ui such that 



d t v\ 


= -V 


"A|r 


= 5A 


«a(0) 


= "0 




= Aui 


wa(0) 


= «o 



(5.2) g, [t ^ t0 t5 (t)], . . . , [t h> t*a t * fl (*)] G e 
Lei E„ , E t , , E^ t oe i/ie same spaces as in (|4.1 



defined by 



H(X,u,v) 



e,l + e) x e 



xE„4 e _< "L p 



'F g for some k > 1. 
TTien £/ie mapping 
:+ x fi) x E. Ut x Y x W£(n) n , 



A 2 



A 2 c 2 A M 



V 



AfeA<9 t u - kdf(u 2 ) - 2\vVd t u - 2pg 1 A 2 (Vm) 2 \ 
d t v + \p ~ 1 Vu 
u\r - 9\ 
u(0) - u Q 
Ut(0) — Xui 
«(0) - v ) 



is C k and there exists p > such that the first Frechet derivative of H w. r. t. 
(u,v) at (l,u*,v*) is invertible, provided that 

||(5,u ,ui)||y + ||uo||wi(n) < P- 
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Proof. For every A, the mapping (u, v) <-> H(\,u,v) is analytic by Lemma |6] To 
obtain the differentiability w. r. t. A, we compute 



d\H(\,u,v) :-- 



(~2\c 2 Au - bAd t u - 2v ■ Vd t u - 4pg 1 \{Vu) 2 \ 

-d\g\ 




V 



-ui 




/ 



From this formula we infer that A i-)- dlH(A,u,v), j < k, is well-defined and 
continuous, since g satisfies (|5.2[) and d 3 x g\(t,x) — Vd\ g(Xt, x) and the functions 
(d\g\, 0, Ui) satisfy the relevant compatibility conditions in the definition of Y, since 

<9aSa|*=o = [tg t (Xt)]\ t=0 = 0, (dxg\)t\t=o = 9t(^t)\t=o + [tgu{^t)]\t=o = "i|an. 
The derivative of H w.r.t (u,v) at (l,u*,v*) reads as follows 



D( u . v )H{l,u* , v*)[u,v] = 

(d 2 u - c 2 Au - bAd t u - 2kd 2 {u*u) 

d t v ■ 



2v-Vd t u* - 2v*-Vd t u - 2p^ 1 Vu*-V'ii\ 



V 



u(0) 
ut(0) 
5(0) 



/ 



The fact that D( u ^H(l,u* ,v*) is an isomorphism follows from a Neumann se- 
ries argument. Indeed, if the norms of the data (g,v,Q,Ui,Vo) £ Y x Wp(fi)™ are 
sufficiently small, then the coefficients of the terms involving (u*,v*) in the first 
component are small as well, since (u* , v*) £ e~"E. u x E„ depends continuously on 
the data (g,u ,ui,v ) G Y x W 1 ^)"- D 



Since if (1, u*, v*) = (0, 0, 0, 0, 0, 0), the implicit function theorem yields a (possi- 
bly) small number p £ (0, e) and a mapping ip £ C fc ((l — p, 1 + p); e _u; E„ x E„) with 
= (u*,v*) such that H(\,ip(\)) = (0,0,0,0,0,0) for each A G (1 - p, 1 + p). 
Here again E„ may be taken to be the space in (|1.2[) . By uniqueness it follows that 
(u\, v\) = ip(\) for each A G (1 — p, 1 + p) and therefore 



6 e""E„ x E„, 



hence 



(dfu*,div*) G e- w E„([(5,oo)) x E„([(J,oo)), 
for each 5 > and j £ {0, . . . In particular this yields that d 3 t u*(i) 



in 



FY p 2 (ft) for j G {0, 



fc}, «9 t (fe+1 V(i) -> in Wp 2_2/P (fi), and -> ii 



W£(n) n for j G {1, . . . , k + 1} as t 
of Theorem [2] is complete. 



oo at the exponential rate uj > 0. The proof 

□ 



Proof of Corollary Using Theorem [TJ we solve (|1.1|> on M + . By the temporal 
trace theorem we see that u(T) G Wp 2 (ft), u t {T) £ Wp~ 2/p (fi) and «(T) £ W^fi)" 
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depend continuously on (u, v) and thus continuously on the data (g, uq, ux,Vo). We 
choose p < p sufficiently small such that 

\\u(T)\\ W 2 + \\u t (T)\\ w ,- Vp + \\v(T)\\ w i < p. 

Using a translation u(-) i— > u{ — T) and applying Theorem[2]wc obtain the assertion. 

□ 
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